Theory of Vibration - 18AE56

Old VTU Question’s Answers
Module -1

Syllabus:
Introduction: Types of vibrations, S.H.M, principle of super position applied to Simple Harmonic Motions.
Beats, Fourier theorem and simple problems.

Part — A & B Questions (Mixing of Questions Expected)

1. Define vibration. List the root causes of vibrations and different methods of eliminating undesirable
vibrations

A motion which repeats itself after a certain interval of time may be called as vibration.
Vibration is the motion of a particle or a body or a system of connected bodies displaced from the
position of equilibrium. Vibration occurs when a system is displaced from a position of stable
equilibrium. The system tends to return to this equilibrium position under the action of restoring
forces. The system keeps on moving back and forth across its position of equilibrium.

The root causes of vibration are :
i) Unbalanced forces in the machine.
il) External excitations.
iii) Dry friction between two mating surfaces.
iv) Earthquakes.
v) Winds.
Most vibrations are undesirable as they produce excessive stresses, energy losses, increase
bearing loads, induce fatigue, undesirable noise, partial or complete failure of parts etc.
This undesirable vibration can be eliminated or reduced by one or more of the following
methods.
I. Using shock absorbers.
2. Dynamic vibration absorbers.
3. Resting the system on proper vibration isolators.
4. Removing the causes of vibrations.

2. Define the terms: (i) Periodic motion (ii) Natural frequency (iii) Resonance (iv) Degree of freedom (v)
Simple harmonic motion (vi) Damping (vii) Amplitude
i) Periodic Motion

A motion which repeats itself in equal interval of time is known as periodic motion.

if) Cycle

It is the motion completed during one time period.
iii) Time Period

It is the time taken to complete one cycle.
iv) Frequency

[t is the number of cycles per unit time.
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v) Amplitude
The maximum displacement of a vibrating body from the mean position is called amplitude.
vi) Natural frequency :
When no external force acts on the body after giving it an initial displacement, then the body
is said to be under free or natural vibration. The frequency of free vibration is called natural
frequency. It is expressed in rad/sec or Hertz.
vii) Damping
It is the resistance to the motion of the vibrating body.
viii) Resonance
When the frequency of external excitation is equal to the natural frequency of system, a state
of resonance is said to have been reached. At resonance the amplitude of vibration is excessively
large.
ix) Phase Difference ’ |
It is the angle between two rotating vectors representing simple harmonic motions of the
same frequency.
Consider two vectors x, and x, having frequencies @ rad/sec each. The vibrating motions can
be expressed as

i . '

X, = Asigo® . e ensi TR (1.2.1)
X w A SR ER) UL o T Lt dieed (1.2.2)

Because of the quantity ¢ the two vibrations do not attain their maximum displacements at the
same time. The quantity ¢ is known as the phase difference or phase angle.

x) Degrees of freedom

The number of independent co-ordinates required to describe the motion of a system is called
degrees of freedom. A system is said to be n-degrees of freedom system, if it needs ‘n’ independent
coordinates to specify completely the configuration of the system at any instant. In single degree of
freedom there is only one independent coordinate ‘x," to specify the configuration as shown in
Fig. 1.1 (a). Similarly in two degrees of freedom there are two coordinates x,, x, to specify the
configuration as shown in Fig. 1.1 (b) and so on. A cantilever beam shown in Fig. 1.1 (c) has infinite
degrees of freedom.

!
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N

k.
(a) s__._mL.__j < ‘c’
‘b) X,
Fig. 1.1

xi) Simple Harmonic Motion

Any motion which repeats itself in equal intervals of time is known as periodic motion.
Simple harmonic motion (SHM) is the simplest form of periodic motion. A simple harmonic motion
is a reciprocating motion. The motion is periodic and its acceleration is always directed towards
the mean position and is proportional to the displacement from the mean position.
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If x() represents the displacement of a mass in a vibrating system, the motion can be expressed
by the equation

X =Asinox e (1.2.3)
)]

X =Awcose® e (1.2.4)

¥ o= A @ sin Of = @' x -—--(1.2.4)

Where x, x and ¥ represent the displacement, velocity and acceleration of the body respectively.

3. Briefly explain different types of vibrations.

Vibrations in a system can be classified into three categories; free, forced and self-excited.
Free vibration of a system is the vibration that occurs in the absence of any force, where
damping may or may not be present.
An external force that acts on the system causes forced vibrations.
Self-excited vibrations are periodic and deterministic.

1.3.1 Free and Forced Vibrations

When no external force acts on the body after giving it an initial displacement, then the body
is said to be under free or natural vibration. The oscillation of a simple pendulum is an example of
free vibration.

When the body vibrates under the influence of external force then the body is said to be under
forced vibration. Machine tools, electric bells etc., are the suitable examples of forced vibration.

1.3.2 Damped and Undamped Vibrations

If the vibratory system has a damper then there is a reduction in amplitude over every cycle
of vibration since the energy of the system will be dissipated due to friction. This type of vibration
is called damped vibration.

If the vibratory system has no damper then the vibration is called undamped vibration.

1.3.3 Deterministic and Random Vibrations
If the magnitude of the excitation force or motion acting on a vibrating system is known then
the excitation is known as deterministic. The resulting vibration is called the deterministic vibration.
If the magnitude of the excitation force or motion acting op a vibrating system is unknown, but
the averages and deviations are known then the excitation is known as non-deterministic. The
resulting vibration is called random vibrations.

1.3.4 Longitudinal, Transverse and Torsional Vibrations

When the particles of the shaft or disc moves parallel to the axis of shaft, then the vibrations
are known as longitudinal vibrations and is shown in Fig. 1.2(a).

When the particles of the shaft or disc moves approximately perpendicular to the axis of the
shaft, then the vibrations are known as transverse vibrations and is shown in Fig. 1.2(b).

When the particles of the shaft or disc moves in a circle about the axis of the shaft i.e., if the
shaft gets alternately twisted and untwisted on account of vibratory motion, then the vibrations are
known as torsional vibrations and is shown in Fig. 1.2(c).

Fig. 1.2
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1.3.5 Transient Vibration
The free vibrations continue indefinitely in an ideal system as there is no damping,.

There is a reduction in amplitude of vibration continuously because of damping in a real
| ' . . . . . . . '
. system and vanishes ultimately. The vibrations in a real system is called transient vibration.

4. Explain the phenomenon a beat and obtain in amplitude of resultant motion.

If two harmonic motions passes through a point simultaneously then the resultant displacement
at that point is the vector sum of the displacement due to the two motions. This super position of
motion is called interference. The phenomenon of beat occurs as a result of interference between
two waves of slightly different frequencies moving along the same straight line in the same direction.

X

Amplitude

m, — W,

Fig. 1.6
Consider a particle subjected to two different harmonic motions,
X = As%n(o]r ..... A1
x, = Bsmno,!
The resultant motion is given by
X=x+x, = Asinw t+Bsinw,e. o (1.7.2)

[f @, and w, are different then the resultant motion is not sinusoidal. But if the two frequencies

are slightly different then the phase difference between the rotating vectors keeps on shifting
slowly and continuously. The amplitude of the resultant vector is (A + B) when they are in phase
and the amplitude of resultant vector is (A — B) when they are in out of phase. Thus the resultant

amplitude keeps on changing continuously from a maximum of (A + B8) to a minimum of (A - B)
with a frequency equal to the difference between the individual component frequencies i.e.,
(0,~ ®,) and this phenomenon is known as beats. The frequency of beats is equal to (@, - @) as
shown in Fig. 1.6. To get clear and distinct beats the following conditions must be satisfied.
i) The frequency of the beats (®, — ®,) must be small.
ii) The amplitudes A and B should be approximately equal.
The existence of beats can also be shown mathematically.
Let 0,-0=A® - ¢ e (1.7.3)
From equation 1.7.2,
x = Asin®, 7+ Bsin 0,1
= Asin®, 1+ Bsin(w +Aw)!
= Asin 1+ B [sin @ fcos A m.f +sin A .. cos /]

= (A+Bcos Awr)sino 1+ (Bsin Awr)cos o1
= (1.7.4) {

Equation 1.7.4 can be considered as sum of two harmonic motions of frequency ® , 90° out of |
phase and having time dependent amplitudes.
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Let x = Xsin (0 1+ ¢)
= Xsin @, tcos ¢ + X cos w7 sin ¢
ie., Xsin 1cosd.+ X cos®, fsind=(A+BcosAw)sin w1+ (B sin A wr) cos o, 1
Equating the terms of sin ®,7 and cos @7 on both sides,
Xcos® = A+ Bcos Aot
Xsin¢ = BsinA ot
By squaring and adding the above two equations,
X* cos* @ + X*sin* ¢ = (A + Bcos Awt) + B sin’ A o
ie, X?(cos’¢+sin*d) = A+ B cos’ Awr+2AB. cos Awt+ B sin® A
ie, X° = A+ B (cos®* A +sin* Awr)+2 ABcos A ot
= A+ B*+2 AB cos A ot
X = [A*4 B*+ 2 AB cos A wit]*
= Amplitude of resultant motion. ~ =eeen (1.7.5)
When the two sinusoidal motions are in phase i.e., phase difference A wr =0

Resultant amplitude X = vA® + B + 24Bcos0 = VA® + B> +2AB = A +B.
When the two sinusoidal motions are out of phase i.e., phase difference A wr = 180°

!

Resultant amplitude X = JAZ +B? +2ABcos180 = VA’ +B*-2AB =A-B.

Therefore, it is clear from the expression given in equation 1.7.5, the resultant amplitude vary
between (A + B) and (A — B) with a frequency A®.
If the harmonic motion amplitudes are equal i.e., A = B, then the

Resultant amplitude X = [A*+ A+ 2 AA cos Awt]* =2 A? + 2 A% cos A ar)”
= A {2(1 +cos Awn}" - (1.7.6)

5. Derive an expression for work done by a harmonic force on a harmonic motion.

Let harmonic force F = F sin ax be acting upon a body and the r‘no;mn(;f_ lhet;o—d; ;iw '
x = x, sin (@t — ¢). The workdone by the force F during an interval when the body moves through

a small displacement dx is given by Fdx = F?.d!
t

For a period of one cycle, ax varies from 0 to 2x and therefore ¢ varies from 0 to . .
®

. A '
Workdone per cycle W I F.%.dt - J[Fn sin o J[x, cos(r - ¢)]t
0 0

ox, f{sinux[com)lcxm’ +sinax sing]} dr
(4]

F

0

19

." i
oz, [c0s¢ rsinw.cosm:d: +sing | sin’ mtd:J
0

F

0’
0

2/ . 1/
F,oox, [cow f[ sm22wt )dr +sin¢ J’ (m‘%)dt]
0 o

F,.ox, [0+ Esimp:I
®

0

Work done percycle W =xF x,sn¢ (1.10.1)
If & = 0, then workdone = (. It means if the force is in phase with the displacement then there
is no work done per cycle.

If$ =90, i.e., if the force is in phase with velocity or ahead of displacement by 90°, then work
done per cycle = n.F x,.
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6. The motion of a particle is x = 5 sin wt. Show the relative position and magnitudes of the displacements
velocity and acceleration vector at time t = 0 when (i) w = 0.5 rad/sec (ii) w = 2 rad/sec.

Solution :
We have

Displacement Vector x = 5 sin ¢

Velocity vector & = Swcos o =5 sin [ox+;]

Acceleration vector X = -S@’sino¥ = 5 @ sin (o + )

Therefore, the magnitudes of displacement, velocity and acceleration vectors are 5, 5o and 5 o
respectively.

The phase difference is such that the velocity vector leads the displacement vector by /2 and the
acceleration vector leads the velocity vector by /2.

i) w=0.5 rad/sec
Since the time period is inverse of frequency,
2n 2r
Time period T= ® - 0S =4 1 sec.

The rotating vector diagram is shown in Fig. 1.8(a).

10|tvdocityi
5 (velocity) T
2.5 (velocity)
W24 72 W2 U2
—p 5 - - 5
1.25 (Displacement) . {Displacement)
(Acceleration) (AC“'““'&;?)
(a) wﬂ\m
20 «— » 5
(Acceleration) ©) (Displacement)
Fig. 1.8
1) o= 1 rad/sec
Time period T'= % = -zli =2 T secs

The rotating vector diagram is shown in Fig. 1.8(b).
i) @ =2 rad/sec
2n 2n

Ti jod T=— = — =R 8eCS
ime peri = >

The rotating vector diagram is shown in Fig. 1.8(c).
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7. Add the following harmonic motion and check the solution graphically.

X; =2 Cos(mt + 0.5)
X =5 Sin(ot + 1.0)

Analytical Method
The resultant motion is given by
x=x +x, = 2¢0s(o¥+0.5)+ 5sin(on + 1.0)
As the frequency is same fof both x, and x, the resultant motion can also be written as, x = A sin (o + 6)
s Asin(ar +8) = 2cos (@ +0.5)+ 5 sin (@ + 1.0)
Le., Asinotcos B+ A cos axsin® =2 (cos ax) (cos 0.5) - 2 (sin a¥) (sin 0.5)
+ 5 (sin@r) (cos 1.0) + S cosax (sin 1.0)
Le., sina (A cosB) +cosaxn (A sin0) = 5.9625 cos av + 1.7427 sin o
Equating the corresponding coefficients of cos ex and sin @¢ on both sides,

]
i

Acost = 17427
Asin® = 59625
Squaring and adding
A’cos’ O+ A%sin' 0 = 17427 +5.9628°
le., A*(cos’ O+ sin’0) = 385883
v A= 6212
ang = 3265
1.7427
S B=T73708" = 1.2864 radian
. Resultant motion x = 6.212 sin (e + 1.2864) = 6.212 sin (ax + 73.708°)
Graphical Method

x,=2cos (0t +0.5) = 2sin (aw +05+ g) =2 sin (o + 2.0708) =2 sin (¢ + 118.648°)

Ssin(ux +57.296%)

xX,=5sin(@+ 1.0)

Y
L &

—» X

Fig. 1.9
The vector diagram can be drawn as shown in Fig. 1.9.

Steps :
i) DrawOX and OY.
ii)y Draw OA making 118.648° with OX in the ccw direction and equal to 2Zcm.

ie., [t representes x, =2 sin (0 + 118.6487).
iii) Draw OB making 57.296° with OX in the ccw direction and equal to Sem.

ie., It representes.x, = 5 sin (ot + 57.296°).
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iv) From B draw a line parallel to OA and from A draw a line parallel to OB, Intersection of these two lines

gives C.

v) On measurement, the sum of the two vectors is 6.2cm (i.e., OC = 6.2cm) at an angle of 73.6° in the ccw

direction with OX.

.ox = 6.2sin(wf+73.6°)=6.2sin (o + 1.285)

8. Add the following harmonic motions analytically and check the solution graphically

X, = 3sin(ot +60). X, =4cos(ot +10)

Solution :
Analytical Method
The resultant motion is given by

x=x +x, = 3sin(o¢+30°)+4cos (wr+10%)
As the frequency is same for both x, and x,, the resultant motion can also be written as, x=A sin (¥ + 8)
s Asin(or+0) = 3sin(@i+ 30%) + 4 cos (ur+ 107)
i.e., AsinorcosB+A cosofsinB =3 sinwi cos 30° + 3 cos @ sin 30°
44 cos ot cos 10° — 4 sin ¢ sin 107

ic.. sinwr(AcosB)+cosmt(Asin@)=19035 sinwr+ 54392 cos ax
Equating the corresponding coefficients of cos wr and sin wr on both sides,

AcosO
AsinB
Squaring and adding
A’ cos’ B+ A'sin’0
ie.. A'(cos’ 8+ sin’ )
oA

tan 0

. 0
. Resultant motion x

Graphical Method

1.9035
54392

1.9035" + 5.4392°
3320815
5.76265
54392
1.9035
70.712°
5.76265 sin (o¢ + 70.712°)

3 sin (on + 30°)
4cos (o + 10°)=4sin (@7 + 107+ 90°) =4 sin (@ + 100°)

71°

e
100K =

L

30’

» X

Fig. 1.10

The vector diagram can be drawn as shown in Fig. 1.10.

Steps :
i) DrawOXandOY.

iiy Draw OA making 30° withOX in the ccw direction and equal to 3cm. ic., It representesx, = 3 (sinax + 307).
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i) Draw OB making 100° with ox in the ccw directions and equal to 4cm.
ie., [trepresentes x, = 4 sin (7 + 100).
iv) From B draw a line parallel to OA and from A draw a line parallel to OB. Intersection of these two lines
gives C.
v) On measurement, the sum of the two vectors is 5.8cm (ie., OC = 5.8cm) at an angle of 717 in the ccw
direction with OX.
. & = S8sin(w+71°%)

) X= Ssin(mt +E]
9. Split the harmonic motion 4/ into two harmonic motions one having phase of zero and

the other of 60°.

Solution :

I

x=5sin (or+%) = Ssin(or+45°)

Analytical Method
Let the equations are,

x = A sin (@r +0) =A sin ot
x, = A, sin(@r+60°)
X = .t,+x:=A,sinw:+A2(sinu)x+6O°)

i.e., Ssin(m+45°) = A sin@f+A, (sinor+60°)
i.e., 5sinfcos45°+5cosaxsind5®=A sinwr+A,sin @ cos 60° + A, cos wr sin 60°
i.e., sin@f(5cos45°) + cos @t (5sin45°) =sint (A, +A, cos 60°) + cos wr (A, sin 60°)
By equating the corresponding coefficients of cos o and sin & on both sides,
A,sin60° = 5sin45°% . A,=4.08
A +A cos60° = 5cos45°

ie, A +4.08xcos60” = 5cosd5% . A= 1.49

*. The equations of harmonic motions are
x = 1.49sinux

x, = 4.08 sin (a¥ + 607) f

Graphical Method
Y
A
cC_..._B
~ 0’ f]
V.
DA, o
< ¥
/
/
/
600/,
a5 )/
Oa,=1.5A
Fig. 1.11

The vector diagram can be drawn as shown in Fig. 1.11.
Steps :
i) Draw OX and OY.
ii) Draw OB making 45° with OX in the ccw direction and equal to 5 cmii.e., it represents x =5 sin (wf + 45°).

i) From O draw a line making 60° with OX in the ccw direction and from B draw a line parallel to OX.
Intersection of these two lines gives C.

iv) From B draw a line parallel to CO till it intersects OX atA.
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v) Measurement of OA =A =1.5and OC=A,=4.]
Sox,=1.5sinar and x, =4.1 sin (o¢ + 607)

10. A harmonic motion is given by the equation X =Gsin{2t+ ¢). Determine its two components such
that one leads it by 30° and other lags it by 60° using analytical method. (Similar to Q.No.9, *Sol is in
Graphical Method)

Solution :
Graphical Method
Let the two components are,

X,

A sin (21 + ¢~ 60°)
x, = A,sin(2r+¢+30°)
The vector diagram can be drawn as shown in Fig. 1.12,

Fig. 1.12

Steps :
i) Draw OX and OY.

i) Draw OB making any angle 0 with OX in the ccw direction and equal 10 6 cm. It represents x = 6 sin (2¢
+0).

i) From O draw a line OA' making 60° cw with OB (i.e., lagging by 60°).

iv) From O draw aline OC' making 30° ccw with OB (i.e., leading by 30°).

v) FromB draw a line parallel toOC " till it intersects OA' at A, Similarly from B draw a line parallel to OA"tll
it intersects OC "at C.

vi) Measurement of OA =A =3andOC=A,=52 .. x, =3sin (21 + ¢~ 60°) and x, = 5.2 sin (2t + ¢ + 30°)
11. Add the following harmonic motion analytically and check the solution graphically:
%X, =4cos(wt +10° ) and x, = 6sin{wt +60° |

Analytical method

The resultant motion is given by,

v = x+x; =4cos (@ +10°)+6sin (ar +60°)
As the frequency is same for both.x, and x,, the resultant motion can also be written as, x = A sin (¢ +6)

Asin (o +8) = dcos (o +10°)+ 6sin (or +60°)
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ie. A sinor cos@+ A cosei sin® = 4coswr cos107 — 4sint sin10° + 6sinr cos60°

+ 6 coswi sin 607

i.c.. sin @t (Acos®)+cos ax (Asin®) = 91354 coswr +2.3054 sinwi

Equating the coefficients of sinwr and cosw?
Acos® = 23054 == (1)
Asinf = 91354 -~ (i)
Squaring and adding equation (i) and (ii), we get

2.3054° + 9.1354°

Al cos’ B+ A’sin’ 0

e, A? (C0529+sin29) 88.77 : ie. A?=88.77(- cos®+sin0=1]

A = 9.4218
Equation (ii) divided by equation (i) gives
Asin® 9.1354

=tan® = —— . .. B=75.8366" = 1.3236 radians
AcosH 23054

Resultant motion x = 9.4218 sin (@ +758366°)

Graphical method

]

x, = 4cos (o +10°) = dsin (wr +10°+90°) = dsin (or +100°)

6sin (wr +60°)

x.‘
The vector diagram can be drawn as shown in Fig. 1.14

Steps :
(i) Draw OX and OY

(i) Draw OA making 1007 with OX in the cew
direction as the given angle is + ve (i.e., + 100°)
and equal to 4 cm. It represents

x, =4 sin (o +100°)

(i) Draw OB making 60° with OX in the cew
direction as the given angle is + ve (i.e., + 60°)
and equal to 6 cm. It represents

x; = 6sin (o +60°)

Scale 1:1

(iv) From B draw a line parallel to OA and from A
draw a line parallel to OB. Intersection of these
two lines gives C.

(v) On measurement, the sum of the two vectors
1594 cm (ie, OC =94 cm ) at an angle of
75.8% in the ccw direction with OX,

. Resultant motion x = 9.4 sin (ax +758°)

-

» X
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12. A harmonic motion is given by the equation n(t) = 5 sin(15t — /4) cm where phase angle is in radians
and t in seconds. Find (i) Period of motion (ii) Frequency (iii) Maximum displacement, velocity and
acceleration.

Solution :
n
(1) = Ssin|15t-—
) [ 4J

Let the harmonic motion be in the form x = A sin (¢ — ¢) where A = Amplitude, ¢ = phase angle and
o = Frequency in radians. Comparing the two equations,

n S
Amplitude A = S5cm ; Phase angle ¢ = i~ 45°, Circular frequency @ = 15 rad/sec

2n
i) Period of motion7=— = 1—5- =0.4189 seconds.
ii) quucncyf= — =— =2387Hz.

iii) Maximum dxsplacemem X, =A=5cm.

iv) Maximum velocity X, =Am=5x15=75cm/sec.

v) Maximum Acceleration X =A®’=5x15'=1125 cm/sec’.

13. A force Posinwt acts on a displacementXg Sini (Wt -~ 7/6). |f Py = 25N, xo = 0.05m W =27
rad/sec. Find the work done during i) First second ii) First 1/4 of second.

Similar Problem:
A force F sin ax acts on a displacement x, sin (ax - -:-) where F =20 N,x, =0.025m and 0= 10

rad/sec. Determine the workdone during (i) First second (ii) First % ™ second (iii) First % " second.

Won

I !
. n
Work done W = jfgd: - JFo(smmt)xomcos(w-z)d;
0 dt 0
! u \
A T8 u)j(sinml)cos(ux—z}ﬂ |

= F.x.0 I%[ m(Zml—-- J.'ksmzjldt

4

cos(Zml - E)
Fo-Xpc] 47 vo707m
2 2w

0

n n
oos[ZOm, - —] cos(—)
_ 20x0025x10m| _ 44—\ Lo70m,
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i —oos(ZOru, -g) cos(g)
’ = 7. . - 240707
| = 20m 20m '

i) Firstsecondie.,t, =1sec

005(20117)(1—';'] (;()5—1E

4
- K +0.707x1 | =5553Nm
s 20m 20m

Workdone W

1
i) Whent = —— sec

20
1 =n b1
cOs 201CX~2-0—Z cm4 |
= - - +0707 x — | =0.4544 Nm
Work done W 7854 >On 3 20
!
i) When ¢, = -4-0 sec

1l n
cos(201t><4—0-4) cosn 1
+—2 40707 x—
20m 20m 40

Work done W = 7854| -

= (.13882Nm

. . . x=108i11(0)t+3] . . . .
14. Split the harmonic motion 6/ into two harmonic motions having phase angle of zero
and the other of 45°. Verify answers by graphical method.

Solution is Similar to Q.No.9

15. Add the following harmonic motions analytically,
X, = 4cos(ot +207)

X, =7sin(ot +457)

Solution is Similar to Q.No.8

. n { n
x, =15sin| ot + = x2=8cosLO)t+§

16. A body is subjected to two harmonic motions as given below; 5] And
What harmonic motion should be given to the body to bring it to equilibrium?

Similar Problem Solution:
Add the following two simple harmonic motions and check it graphically.
x,=1ocos[w+§] : x,-slln[n!-*-%]  [VIU, Dec. 06 / Jan 07]
Solution :

o
x, =10 cos (w+g-) =10 cos (mt-k%) =10 cos (ax +60°)
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Analytical method

The resultant motion is given by,
v = X +x, =4 sin (@ +60°)-6 cos (wr +120°)

As the frequency is same for both x, and x,. the resultant motion can also be written as

x = Asin (wr+0)

A sin (@ +8) = 4 sin (01 +60°) -6 cos (ar +120°)

I

i, Asinor cos®+ A cosax sin® = 4 sin wr cos 60° + 4 cos ¢ sin 607 — 6 cosa¥ cos 120
+ Gsinax sin 120°

ie. sinwt (AcosO)+cosax (Asin®) = sincr [4cos 60° + 6sin 120°]+ cosr [4 sin60°~6cos 120°]

i, sin @ (AcosB)+cosan (Asin®) = sincx (7.196)+ cosav (6.464)

Equating the coefficients of sinoe and cosami
AcosO = 7196
Asin® = 6464

Squaring and adding equation (i) and (ii), we get

Alcos’ 0+ A%sin’ 0 = 7.196" +6.464°

Le. A? [c:ox2 0+sin’ 9] = 93.566 ; ie., A’ =93.56 [ cos’ 0 +sin” 0 = I]
S A =9673 !
Equation (i1) divided by equation (1) gives,
i 6464
AT il = . 5 0=4193°

A cosB -';—I_‘)g
Resultant motion x = 9.673 sin (aw + 41.93%)

Graphical method
x, = 4 sin [ul+—,—_:]=4 sin (@ +60°)

x,= - 6cm[ml+2:]= ~6 cos (@f +120°) = -6 cos (ml+3()°+90°)=—6[—sin(w+30")]

= + 6 sin (o + 30°)

The vector diagram can be drawn as shown in Fig, 1.19
b C

A Py
Scale 1:1

—» X

| LR
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Steps : e
(i) Draw OX and OY
(ii) Draw OA making 60° with OX in the ccw direction as the givenangle is + ve (i.e., +60°) and equal to 4cm.
[t represents x, = 4 sin (@ +60°)
(iii) Draw OB making 30° with OX in the ccw direction as the given angle is +ve (ie., + 30°) and equal to 6 cm.

It represents x, = 6 sin (o +30°) §

(iv) From B draw a line parallel to OA and fromA draw aline parallel to OB. Intersection of these two lines
gives C.
(v) On measurement OC =9.7 cm at an angle of 42 in the ccw direction with OX.

Resultant motion x = 9.7 sin (¢ +42°)
17. Represent the periodic motion given in the following Fig. by harmonic series.

Al

ANANG AR

K-Rem—ppe—2em =3

+ : —» t(sec)

2cm

0.1 sec | 0.1 sec

B D

Fig. 1.20

Solution :
Fourier series of the above periodic motion is represented by,

x( = Lo +a,COS@ 1 +a,c0s 20 + ---=+b, sin oI +b,sin 20 + -
Equation for straight line is,y = mx+¢ g
ie., x(t) = mt+ec (i)
ForAB, whent=0; x(t) = 2
Substituting is equation ()2 = O+c; .. c=2
whent = 0.2 sec,x(t) =-2

Substituting these values in equation (i)
2 =02m+2 (ve=2)
som = —20. .. Equation forABis, x(f) =-20r+2

The equation of the curve for one cycle is
x()=-20+2, 0 <1<02

2n
Time period T = —a)-=0.2wc
2
0= —2-7,— =6—g- = 10 n rad/sec
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2% T 02
I 10
% _O dt =2 [ x()dt = — | (=20t +2)dt
5o | n g [etda = 20 Joamed)

2 02 2
s[-&z—a:L - s[- 20"201 +2x0.2-0] =0

"

N.I..

n

a, = %Ix(r).m(m)dl =%’ j x(r)cos{nax dr

- ':‘ ! (~20¢ + 2)cos(10mnr)dt

— e e e

2
= 10 ~20tsinl0mnr  20cos10mar 2 sin 10rne
— +
1010 (10mn)* 107

jo| ~20%02sin10mnx02 _ 20cos 10mnx02 | 2sin10mnx02  20cos10%nx0
10mn (w,u,)’ 10mn (10,;,.)’

= 10[0_20_“’9224_ +20cosOJ-
(10mn)"  (10mn)*

soa =0, Forall values of n

— e e

-~
n

2, T
%’ !'x(r)siu(m)dr = gjx(l)lin(m)ﬂ

- %“ { (~20¢ +2) sin (10mnr)de

- 1] 20 {-cos(10mn)} 205in10mnr | 2{-cos(10mu)} T
10mn (10mn)’ 10mn

0| #20rcos10mn: _ 20sin10%ns _ 2cos(10mnr) '
10mn (10mn)* 1018

10mtn 10mn 1070
m{4-2+2 _ 4
0mn | mn

S Uy =j—. For all the values of n
b

l0[20><(12cosl0:m¢£2 _ 2xcos10mn x 02 +2coso]

Fourier Series of harmonic function is, x (1) = 129- + i(“n cos n @ +b, sinnax).
n=1

Since ﬁzo- =0,a,=0andb, = % , the harmonic series of the given motion is,

- 4 41
x()= E o sin 10t = p E 2 sin 10 rne,
n=|

n=|
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18. Determine the Fourier series for the curve shown in Fig.

~(+)

Q.ls ©.2 ©.25 o3
x(t)
A
A E
(1} DR, : Cc G
| B D F
. >
(0]
0.05 0.1 0.16 0.2 0.25 0.3 Sl :
Fig. 1.22
Solution :

Fourier series of the above periodic motion is represented by

a . .
x(1) = =L +a, cos O +a,cos 2 + -+ b, sin @ + b, 5in 2 @Ff + =

[

a .

?" + E a, cosnei + b, sinnwt
n=|

mx+c, Le,x(f)=mt+c —0*

Equation for straight line is, y
For OA, when =0, x(r) =0, Substituting in equation (i) 0=0+¢; . =0
whent =0.05 ;x(s) = 10, Substituting in equation (i) 10=0.05m +0 (- ¢ =0) ; .. m=200
. Equation for OA is,x(1)=2007. 0< 1 <005
For AB, whent = 0.05 ; x(r) = 10, Substituting in equation (i) 10=0.05m +¢ R
whent=0.1;x(£) =0, Substituting in equation (1) 0=0.1m +¢ —(im
(i1) — (iii) gives, 10=~0.05m; ... m=200
Substituting the value of m in equation (i), 10 = (0.05) (-200) +¢; .. ¢=20
. Equation forAB is, x(1) =-200t + 20 005<¢ <01
Hence the equation for the given motion is,

200¢ 0<1<00
O = 2000420 005501

Time period ' = 0.1 sec

w=—=-— = 20% rad/sec

0.05 0.1
21 [200uat + [ (~2000-+20)de
2% 0 0.05

2 .05 2 ol
2n 2 . 2 R
= 10[(100x0.05° -0} + {(—100x0.l’+20x0.l)-(—100x0.05’+20x0.05)}]
= 10[0.25-1+2+025-1]=5
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5 ; o

.
1 5]
-

a = %‘Ix(t)cos(nml)dl

201 0.05 01 :
—;-[ '! (M)M(m)d‘+oj;g,(_zm+20)w (m)d:]

; = zorr(ZOOt)oos(zomt)dt+ j (—200¢+20)coe(201w)dt]
0 0,08
0.05 01
’ 2000 200cos(20mnr) 200  200cos(20mar) 20sin(20mnr)
= [msmzoltnﬁ——(zm)z }o +{30—1;sm201w (2010:)2 + >Oren b
200%005 . 200cos(20mn x 005)| | 200cos0
= ZOH——Zﬁ—sm(ZOme.OS)-r (20 } {0+ (201:n)2}
-200x0.1 200cos(20mn x0.1)  20sin(20mnx0.1)
——stin(ZOnnxo.l)— (20m) + S }
“200%005 200c0s(20mn x 005)  20sin(207n X 0.05)
‘{_2_02_0_ sin(20ma x 0.05) - o a = ”

sinat  cosnm 200 sin2mn  cos2mn | sin2mn  Sinf{A COSTn sin
=20 * T T ST W v Ve Rl
2mtn 2n’x’®  400n’m® mmn 2n'n 2% 2nn’ T

50| cosnm _ 1 _cos2m]
3 n’n®  2n'n® 2w’

2 [cos n - nn '
= ——=| cosnR - — -~ —cos
n'n’ 2 2 |

0. Ifniseven

40 .
a, = -nin" If nis odd

T
b = %!x(:).in(m)m

..:, : R ol ol
: . -2 j (200¢ ) sin (nee ) dr + j(-zo(hm)sin(m)m
. n 008
nos (11}
| 20x .
b == [I (200¢ ) sin (20mne ) + j(-zoo: +20) sin(20mnr)dr
o '\ 0 00s
. 200 200si - i 5
= 20 s 'COS(ZOMI)i- e 22,’"" + e cos20mnr - o Lol EOW)
20mn ~ (20mn)’ 20mn (20mn)’ 20mn i
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=200 x 0.0 200si 1
= 20|{— . rscos(20mx005)+ 7-snnv(_20m1§095) ~{-0+0}
20mn (20mn)’ §
200x 0, 200s1 2
v A 5Olcoas(’..’()!tn x(.1)—- ME(ZOXI‘:%QI)_’O%(ZOX::&I)
05 sin{2 10 2
(2006005 o 0y 200%in(20mnx005)  20cos(20mx005)
20mn (20mn)* 20mn
_ .,0[_0051m+ sin®n g)aznn_gnh_t_n_cos@_gm!*_ sinfn  coswn
2n 28w mn 28'w'  mm 2w 22’ m
g [sinrm : ¢in21|:n]
T on'n? 2

[
o
Ul

20 [ 1. ]
1 23 smnx—zsmhn
&b = 0. Forall values of n

a
% 4

a
: Z(a,, cosnai +b, sinnar )

n=|

Harmonic series of the given motion is, x(7) =

- 40
x(®) =5+ 3, {- 3 20052010“} (b, =0)

a=list L
40 40 o
e~ pop cos 20mr ~ ~ Fo cos60ms - e cos100ms + — = = ==
40 [ cos20mr  cos60mt  cos100ms
g et miami === v n = e g
19. Develop the Fourier series for the curve shown in Fig
Y
I-0 :
N
i g1 ) - T Py z.)<
T -\
y
| — to—
|
. > X
- 0 - - =
l —4 L —
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Solution :

Fourier Series of the above curve is,

y

= ﬂ_zg +a, cosn»a,cosl:u—«---‘rbI sinx + b, sin 2x 4 ——

a

—+ta, cosnx +b, sinnx

when x =0to -1, y=-1 and when x =010 +1, y = +1
The equation of the curve for the cycle is,

y

1
n

- 10 -n<sxs
10 0sxsn
2r 2 rad
= - =—=—=l—
e T 2m  sec

e e

-21,‘-[—(0+ x)+(x-0)] =0

-

J(-I)connxdu—

(=)

0+
[
1

— |-sin7n + sinwn] =0
nm

s
I
|

sinnx
n

sinnx

"

sinnmn
+— -

For all values of n

r

A |-

i(—l)simu’dx +j(l)linnxdx}

[ ~r 0

A |-

[1_“’? (-nm) _cosnm | 1

|

n n

-"];[l—cosmt—cosmt+ 1]

| 2
;[2—2008”1!] = ;[l—cosmt]

4

Sl

b, = 0.

». Fourier Series of the given curve is,

—. For odd values of n
nn

For even values n

o
y = ‘-’21’-+'zﬂ(a,,cosnx+b,,sinnx)
o 4] P
o —1 4 w2 =0and a =0]
Ly = sin nx .
y n_l_;;’__(lm . [ 2
4[ < sin3x  sinSx ]
= —|sinx+ + b
n 3 5
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20. Represent the periodic motion given in Fig. by harmonic series.

o
g F H
= 0.25a " 0.25¢ o.35¢er =
l x(t)
A
J x| A D G
E
3
-
8 S £ 3 Hy tisec)
0 0.3 sec | 0.2 sec 0.3 sec 0.2 sec 0.3 sec

Fig. 1.26
Solution :

Fourier services of the above motion is,

a . .
x(f) = — +a,cos @ +a,cos 20 + ----- + b, sin o} + b, sin 200 + —---

(3
% b Z(a,, cosnaxt +b, sinnoe)

Equation for straight line is, y
ie., x(f)
For OA, whent=0,x(1)=0
Substituting these values in equation (i), 0=0+4c¢: .. ¢c = 0
whent = 03 ;x(0)=10
Substituting these values in equation (i)

10 = 03140 (c=0)

mx+c

mi+c —(

ey 2 10100
1.6, = 03 3
100

. Equation for OA is, x(¢) _3-' 0<r<03

BtoC ie, whent = 03secto0.5sec,x(r)=0
Hence the equation of the curve for the cycle is,

_ %—01 OS:SOJl
=10 o3si<os
Timeperiod T = 0.5 sec.
m:ﬁ = =5 = 4n rad/sec
T 05
Eg=£jx{l)dr=—(fx(1)dl " "lo'j(""")m
2 2u0 2n A 3
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“|8

U}

30
3

=]

1 sindmnt
ks
4nn

0.3sm(4m x03) eos(4m x03)

- LB W e ——

4nn (4mn)’

10mn(11u) 2seos(Lzu) 25 1

nn 3

v, = s (1.2m)+

b= i—)-‘[x(t)sin(mnt)dl = :—) !x(t)sin(nml)dr

_EJ’]‘L'E
B o\ 3

—tcosdnnt

n’n® 3xn

8.33 {m (1.2mn) - }

03,

)sin(hw)dr

3 4nn

H sin4mnnt y
(4mn)’

—0.3cos(4rm x 0.3) sin(4mn % 03)

10

Harmonic series of the given motion is,
13

x(1)

n=|

x (1)

nwl

n=|
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22‘1+2(a,,

4mn

(41m) ]

e o sin 1200)

Jm)+

cos e +b, sinnox)

833

LS
10
+ Z{—;”— cosl2nn +—— o stnl.Zmn} sindnns

1
(4’

10 . 8.33
34 2{;‘- sinl2mnn+ W(cos 1.2~ l)}couum
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